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In this paper we present a scale model for fitting an ideal shape to an object. The measurements of the object are taken corresponding
to a fixed coordinate system at a set of well-defined locations on the surface of the object. We propose an algorithm to estimate the
model parameters and hypothesis tests to make statistical inferences about several possible special cases of the general model. The
model is tested with an example that analyzes data on the feet of people in Hong Kong.

1. Model and interpretation

Shape and size have tremendous influence when designing
objects, equipment, and tools to fit people. Some consumer
products can be bought in different sizes. When these dif-
ferent products of one commodity retain the shape but are
scaled differently, they are said to be “geometrically sim-
ilar”. In other words, they have isometry. For example, a
cube will have its length:width:height ratios the same for
smaller as well as larger sizes. When one or more dimen-
sions of a shape change disproportionately with size, that
object is said to scale allometrically. Allometery has been
shown to apply to people and animals (McMahon, 1975;
Ross and Ward, 1981; Biewener, 1992; Brown and West,
2000; Lindstedt and Schaeffer, 2002). A similar relation is
to be expected even for body parts such as feet. A person
with twice the average foot length is not anticipated to have
double the foot width.

The objective of our study is to understand the shape
structure of an object of interest by fitting the observed
data to various models. In the study, the measurements of
each object are taken corresponding to a fixed coordinate
system at a set of well-defined locations on the surface of
the object. As the coordinate systems of various objects
may differ from each other, a transformation is needed to
align the observed data to the same orientation before fit-
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ting data to the object shape. Although the applications that
we have in mind are for measuring two-dimensional and
three-dimensional objects, it should be pointed out that the
methodology presented here is general and it applies to ob-
jects in any dimension. In the remainder of this section, we
will introduce the basic model and how it is related to shape
data. Section 2 discusses a general algorithm for estimating
the parameters of the model. Section 3 addresses statistical
inference and model selection. The proposed methods are
illustrated with a real-life foot shape example in Section 4.

Equation (1) gives a simple model that describes the rela-
tionship between the observed data and the ideal measure-
ments of the fixed locations of the object:

yij = µi + Aixj + εij, (1)

where yij, j = 1, 2, . . . , m, i = 1, 2, . . . , n, represents the
three-dimensional vector of measurements of the jth loca-
tion for the ith subject. The quantities xj, j = 1, 2, . . . , m,
are the vectors of ideal measurements at the m locations af-
ter proper scaling and alignment, which is the same for each
object. The quantities Ai and µi are the scale and transla-
tion functions that transform the ideal vector (xj) to a cor-
responding vector for the ith object (µi + Aixj) according
to its size and coordinate system. Finally, εij represents the
deviation of the actual vector measurements (yij) from the
transformed vector caused by deformation and measure-
ment errors. As these two sources of error are related to
the size of the ith object as well as the jth location of the
measurement, it is assumed that εij follows a multivariate
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normal distribution with zero mean and covariance matrix
A′

iΣjAi, where ′ denotes the matrix transpose. To interpret
this covariance structure, it is helpful to consider the fol-
lowing transformed model:

A−1
i yij = A−1

i µi + xj + ε∗
ij, (2)

where ε∗
ij = A−1εij has a covariance matrix Σj. It follows

from this model that the error of the observed data after an
appropriate scale transformation (A−1

i ) depends only on the
location of the measurement but not on the object-to-object
variation, i.e., Σj depends on j only. The object-to-object
variation is assumed to be proportional to the object size
and is modeled by the scale function Ai as described by the
covariance matrix of εij, A′

iΣjAi. This type of scale variance
structure is commonly used to model univariate data with
variance proportional to the mean.

Note that the transformation Ai in model (1) involves
both a rotation and scale transformation. In the problem
of modeling part geometry in manufacturing applications,
it is common to consider only the rotation without the scale
transformation. However, model (1) proposed here allows
more flexible shape structures in part geometric modeling.
This issue will be addressed separately.

2. Algorithm

The algorithm that we present here can be used for measur-
ing objects in any dimension. The basic steps are general;
although the details of the calculations herein are for the
two-dimensional case, they can be adapted to three or more
dimensions with only a few changes.

Under normality, the Maximum Likelihood Estimators
(MLE’s) for the model parameters are obtained by mini-
mizing the function:

n∑
i=1

m∑
j=1

{Biyij − ν i − xj}′Σ−1
j {Biyij − ν i − xj}, (3)

where ν i = Biµi is just a reparameterization of the µis and
Bi = A−1

i . The quantity Ai is the product of an orthogonal
matrix Hi times a diagonal matrix Ei. Its inverse may be
written as Bi = DiH′

i, where the diagonal matrix Di = E−1
i .

Equation (3) contains four groups of parameters. The
first three groups are {Di}, {Hi} and {ν i}, which correspond
to the scale, rotation, and orientation of each individual ob-
ject. The fourth group contains the remaining parameters
of the location and scatter at each marker, {xj} and {Σj}.
Our algorithm consists of iterations that at each step esti-
mate one of the four groups of parameters by keeping the
other three fixed.

In order to make the model identifiable we need to set
up some constraints on the location and dispersion of the
standard object. The center of the standard object should
be set to zero, and the scale should be set to the average

scale of the observed sample. This is calculated at the initial
step.

For notational convenience we may replace Σ−1
j by its

Cholesky decomposition W′
jWj in Equation (3), which re-

sults in:
n∑

i=1

m∑
j=1

{Wj(Biyij − ν i − xj)}′{Wj(Biyij − ν i − xj)}.

Differentiating with respect to ν i we get:
m∑

j=1

W′
jWj(Biyij − ν i − xj) = 0, (4)

which suggests the constraint
∑m

j=1 Σ−1
j xj = 0 for center-

ing the object at zero. Since the variances of the estimated
markers of the standard object are unequal, the center of
the points is calculated as a weighted average with weights
inversely proportional to the variances.

Since we have four groups of parameters, the algorithm
consists in the same number of steps. At each step we esti-
mate one of the four groups assuming that the other three
are known and using our current estimates as if they were
the true values. An appealing feature of the algorithm is
that it can be implemented easily in the S language, since
each step can be evaluated using existing Splus (Chambers
and Hastie, 1992) functions for model fitting or matrix op-
erations. A good description of the numerical methods that
are applied here can be found in Thisted (1985).

Algorithm

Step 1. Estimate {ν i}.
From Equation (4) and using the constraint on the
x′

js we derive the estimator for {ν i}:

ν̂ i =
{

m∑
j=1

Σ−1
j

}−1 m∑
j=1

Σ−1
j Biyij.

Step 2. Estimate {Di}.
Since Di is a diagonal matrix we denote its nonzero
elements as di1 and di2. The same applies to the
upper triangular matrix Wj whose elements are de-
noted by wj1, wj2, and wj3. The orthogonal matrix
Hi is given by:(

cos(θi) sin(θi)
− sin(θi) cos(θi)

)
,

where θi represents the angle of rotation.
From Equation (3), in order to estimate Di we need
to minimize:

m∑
j=1

{WjDiH′
iyij − Wj(ν i + xj)}′{WjDiH′

iyij

−Wj(ν i + xj)}. (5)
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Let us write uij = Wj(ν i + xj) and vij = H′
iyij; note

that uij and vij are two-dimensional vectors. Then
the above sum is equal to:

m∑
j=1

[{uij1 − wj1vij1di1 − wj2vij2di2}2

+ {uij2 − wj3vij2di2}2].

Thus, the estimator of Di is obtained by least
squares regression.

Step 3. Estimate {Hi}.
Since Hi depends on a parameter θi in a nonlinear
way, it is not possible to linearize it as we did with
the other parameters. To estimate θi we do a one-
dimensional optimization of Equation (5). This is
repeated for each i until we obtain the estimators
of all the Hi’s. In our implementation we used an
optimization function in Splus.

Steps 4 and 5. Estimate {xj} and {Σj}.
When the ν i, Di and Hi are known it follows from
Equation (3) that xj and Σj are the mean and
variance-covariance matrix of the points {DiH′

iyij −
ν i}n

i=1, i.e.:

xj = 1
n

n∑
i=1

(DiH′
iyij − ν i)

and

Σj = 1
n

n∑
i=1

(DiH′
iyij − ν i)(DiH′

iyij − ν i)′.

Then apply the constraints to the obtained estima-
tors {xj} and {Σj} by the iterative assignment:

xj = xj −
{

m∑
l=1

Σ−1
l

}−1 m∑
l=1

Σ−1
l xl,

where Σ0 is the initial average of the variance-
covariance matrices at each marking.

We do not have a formal proof of convergence for this al-
gorithm. However, one attractive property of the algorithm
is that all steps except (perhaps) for the last constraint on
Step 5 will improve the likelihood. In addition, we have
convincing empirical evidence, from all the examples we
ran under many choices of initial conditions, in which the
algorithm always converged to what appears to be the MLE.

3. Statistical inference

In Section 1 we introduced a general model that describes
the relationship between the observed data measured at the
fixed markers of the object. In some cases, a more-restricted
model may be adequate to describe the relationship and
provide interesting interpretations. Below we will establish a

sequence of restricted models and the corresponding meth-
ods for identifying the appropriate model.

The general model and the natural starting point for the
model sequence is given in Equation (3). As described the
A’s described in Section 2, the transformation Ai in Equa-
tion (3) is the product of an orthogonal matrix Hi with
rotation angle θi and a “general” diagonal matrix Ei with
diagonal elements 1/di1 and 1/di2,

Ei =
(

1/di1 0
0 1/di2

)
. (6)

By adding restrictions to the matrix Ei, we propose the
following three restricted models:

Ei =
(

1/di 0
0 1/di

)
, (7)

Ei =
(

1/d1 0
0 1/d2

)
, (8)

Ei =
(

1 0
0 1

)
. (9)

Each of the three restricted models has its own interpre-
tation. As matrix Ei measures the size effect of the transfor-
mation, the general model (6) implies that the size effect is
different for each coordinate as well as for each individual
ith object. Model (7) implies that the size effect is the same
for each coordinate but different for each individual object.
Model (8) implies that the size effect is different for each
coordinate but the same for each individual object. Finally,
model (9) implies that the size effect is the same for each co-
ordinate as well as for each individual object. Note that this
last model is the same as the usual model of the localization
problem in geometry modeling where only translation and
rotation are allowed.

For fitting the restricted models to the data, the same
algorithm described in Section 3 can be used by adding the
restrictions on the matrix Ei. The only part of the algorithm
that changes is the estimation of the Eis in Step 2.

As the fitting method is based on MLE, the likelihood
ratio test for testing hypotheses (Bickel and Doksum, 1977)
can be used to identify the appropriate model. Suppose the
null and alternative hypotheses are:

H0: The correct model is model p or
HA: A better model is model q.

It is assumed that model p is a restricted version of model
q. Suppose the number of unknown parameters in models
p and q are mp and mq respectively. Then under the null hy-
pothesis H0, the test statistic T0 = −2 log(λ) converges to a
chi-square distribution with (mq − mp) degrees of freedom,
where λ is the ratio of the likelihood for model p over the
likelihood for model q. In the cases of models (6) and (7)
the conditions for the asymptotic distribution are not met
since the number of parameters goes to infinity with the
sample size. The ratio between the number of parameters
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and the number of observations is small but does not go to
zero. Although we do not have a proof that for these models
the asymptotic distribution of the likelihood ratio statistic
is chi-square, we conducted some simulations for our spe-
cific configuration that showed that the approximation was
adequate.

The likelihoods are calculated using the normal distribu-
tion assumptions for the corresponding model.

The covariance matrix for an observation of the jth point
from the ith foot is A′

iΣjAi; for each model, since we have
estimates of Ai and Σj, the covariance matrix can also be
estimated by, say, Σ̂q,ij for the full model and Σ̂p,ij for the
restricted one. The log-likelihood for the full model (model
q) is

log(likq ) =
∑

i,j

[− log(2π ) − log(|Σ̂q,ij|)]

− 1
2

∑
i,j

(yij − ŷq,ij)′Σ̂
−1
q,ij(yij − ŷq,ij),

where | · | is the determinant of the matrix and ŷq,ij is the
estimate of the jth point from the ith foot under the full
model. The log-likelihood for the restricted model is the
same with q replaced by p. After simplification the log-
likelihood ratio test statistic can be written as:

T0 = −2 log(λ),

=
∑

i,j

2 log(det |Σ̂p,ij|) +
∑

i,j

(yij − ŷp,ij)′Σ̂
−1
p,ij(yij − ŷp,ij),

−
∑

i,j

2 log(det |Σ̂q,ij|) −
∑

i,j

(yij − ŷq,ij)′Σ̂
−1
q,ij

× (yij − ŷq,ij).

Thus, an approximate test is to reject the null hypoth-
esis H0 versus HA at a significance level of α when T0 >

χ2
α,mq−mp

.

Fig. 1. Error variance structure at each mark.

Two sequences of models can be established to identify
the appropriate model. The first sequence is to test model (6)
against model (7); if model (6) is rejected, we test model (7)
against model (8). The second sequence is to test model
(6) against model (8); if model (6) is rejected, we test model
(8) against model (9). Meaningful interpretations can be
drawn based on the sequence and the interpretations of the
models involved. In the next section a real-life case involving
the investigation of human foot geometry will be used to
illustrate the model identification method as well as the
interpretations described above.

4. A Hong Kong foot example

The data were obtained by the Human Performance Lab-
oratory at the Hong Kong University of Science and Tech-
nology. A random sample of 50 male subjects between 18
and 22 years old was taken and each individual’s left foot
was measured. The measurement procedure for each foot
consisted of locating 64 points on the foot surface and mea-
suring the coordinates of each in three-dimensional space.
These 64 points were chosen to give an accurate descrip-
tion of the foot shape. A more detailed description of the
experiment can be found in Goonetilleke et al. (1997).

The data consist of 50 arrays of dimension 3 × 64, each
representing an individual foot. For simplicity, we will show
here only the two-dimensional projections of the foot into
the reference xy-plane. In the remainder of the paper we
will use the term “foot” to refer to each subject datum, that
is, to a set of 64 two-dimensional points.

The data were pre-processed by centering each foot at the
origin and aligning the first principal component of each
foot to the x-axis (and it follows that the second principal
component is aligned to the y-axis). These centering and
rotation operations provide a good starting point for the
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Fig. 2. Comparison of the largest foot on the sample with the fitted foot and the ideal foot.

algorithm in Section 2 since it should be reasonably close
to the optimal solution. Figure 1 shows the sample average
and sample variances for each of the 64 landmarks on the
foot. This picture is not too different from the one we obtain
if we calculate the sample variances from the residuals of
the fitted model. The widespread variation in the ellipses
is a strong indication that the distributions at the 64 sites
have unequal variance-covariance matrices, and it justifies
this aspect of the model.

The estimation procedure was performed and the algo-
rithm converged after 10 to 20 iterations depending on the

Fig. 3. Comparison of the smallest foot on the sample with the fitted foot and the ideal foot.

model. The starting point for the algorithm was obtained
from the initial positions of the data, by calculating the av-
erage foot and the initial covariance matrices at each site.
In addition, the algorithm was tested at five different start-
ing points by adding random error and rescaling the initial
average foot and sample covariances; and the algorithm
converged to the same solution with only one or two more
iterations.

Figures 2 and 3 show the largest and smallest feet in the
sample with their corresponding fitted values and the fitted
ideal foot.
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Table 1. Likelihood ratio tests for comparing models (6)–(9)

Comparison T0 d.f. p-value

Model (6) vs. Model (7) 695 50 0.000
Model (7) vs. Model (9) 4829 50 0.000
Model (6) vs. Model (8) 5522 98 0.000
Model (8) vs. Model (9) 2.88 2 0.237

In addition to estimating the general model we also calcu-
lated the MLEs for the alternative models in Section 3. The
algorithm from Section 2 was used with the necessary modi-
fications to accommodate the restrictions in the parameters
imposed by the models. In order to select the most appro-
priate model we performed the sequence of likelihood ratio
tests proposed in Section 3. The test statistic T0 = −2 log(λ)
was calculated for the four relevant comparisons. Table 1
shows the results for the various hypotheses and their corre-
sponding statistics. The first three hypotheses were rejected
with p values close to zero. The last hypothesis was not
rejected with a p-value of 0.237.

Table 1 provides strong evidence in favor of model (6)
which justifies: (i) using different scale parameters for dif-
ferent feet; and (ii) using two different scale parameters
for the width and length at each foot. All comparisons
are strongly significant except for that of model (8) against
model (9), which indicates that when the scale parameters
are restricted to be the same for each foot, it does not matter
whether or not the scale parameters for the width and length
are different. In summary, model (6) is the best model, and
the other models become less and less adequate as the num-
ber of parameters is reduced.

As previously noted Figs. 2 and 3 show the largest and
smallest feet in the sample with their corresponding fitted
values and the average fitted foot after appropriate center-
ing. Figure 2 shows that the points of the average foot are
circumscribed by the observed points of the largest foot and
their corresponding fitted values. According to model (1),
the deviation of the average fitted points from the individual
fitted points can be explained by the different scale param-
eter for each foot as well as the different parameters for the
width and length. There is clearly a proportional pattern
between these two sets of points. The deviations of the ac-
tual observed points from the individual fitted points can
be explained by the deformation and measurement errors.
Figure 3 shows that the observed points of the smallest foot
and their corresponding fitted values are circumscribed by
the points of the average foot. Similarly, the same kind of
deviation patterns exist.

Figure 4 shows the histogram of the estimated angle of
rotation, which varies between −1◦ and 1◦ approximately.
This is a good indication that the principal components
initial estimate does a good job at aligning the foot.

Figure 5 gives a scatter plot of the length factor against
the width factor, and although they are correlated, the cor-
relation is very weak, thus stressing the improvement of

Fig. 4. Histogram of the angles of rotation of the 64 points.

model (6) compared to model (7). These figures clearly
show that the fitted model (6) is a good improvement over
the other models. Nevertheless, there are some small sys-
tematic differences between the fitted feet and the data. It
appears that the scale in the front of the foot may not be
consistent with the scale in the back or the middle. This can
be seen by the deviations between the observed points and
the individual fitted points. In particular, there seem to be
differences in the goodness of the fit between the three parts
of the foot: front, back, and center. It will be interesting to
test an extended version of model (6) in which the scale pa-
rameters for the width and length are different at the three
parts of the foot.

Fig. 5. Scatter plot of foot width against the foot length relative
to the ideal foot.
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Finally, although the performance of the model in this
example is quite satisfactory, we feel that more can eventu-
ally be done. Further modeling that goes beyond the scope
of this paper is needed and is ongoing.
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